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1 Laplace Transforms

1.1 Definition

Let a function f(t) be continuous and defined for a positive value of t The Laplace
transform of f(t) associate a function s defined by ¢(s) = [~ e *" f(t)

Here ¢(s) is sald to be the Laplace transform of f(¢) and it is denoted by L(f(t)), or L(f)

that is L(f(t)) = [, e ' f(t)

el, 0<t<l1

1. Find the Laplace transform of ft) = { 0 1

Ans.

L) = [ ea

1 oo
= / st tdt—i—/ e 510 dt
0 1
C(s—1)t 11
_ / Lot gy {ﬂ}
0 —(s =11y

—(s—1) 1 e(1=5) 1

—(s—1) —(s—=1) 1-s 1-s

cost, 0<t<2m

2. Find the Laplace transform of f(t) = { 0 t> 21

Ans.

L(f(t)) = /Oooe_Stf(t)dt:/Oﬂe_Stcostdt

2

e—st '
= $2+1(—scost+smt)

e—27rs 1

0

1. L(1) =1 6. L(cosat) = e

2. L(t) = % 7. L(sinhat) = 5

3. L(t") = - where n is an integer 8. L(coshat) = *=

4. L(e™) = 9. Llaf(t)+0bg(t)] = aL(f(t)) +bL(g(t))
5. L(sinat) = i 10. Llaf(t)—bg(t)] = aL(f(t)) —bL(g(t))

Some basic Useful Results
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1. [esinbrdr = £ (asinbz — beosbx) 6. cos®x = § [cos 3w — 3cos z]

2. [ cosbrdr = - (acosbr + bsinbr) 7. sinzcosy = 1 [sin(z + y) + sin(z — y)]

3. sin® g = 1= 8. coszsiny = 1 [sin(z + y) — sin(z — y)]
4. cos? x = 1eos2e 9. coszcosy = 1 [cos(z + y) + cos(z — y)]
5. sin®z = § [3sinz — sin 3z] 10. sinzsiny = § [cos(z — y) — cos(z + y)]

1.2 Problems Based On Transforms of Elementary Function

1. Find the Laplace transforms of following functions

(a) sin 3t cos 2t (d) sin?3t
(b) cos® 2t
(c) sin 3t sin 2t (e) e~ — 6t2 + 4sin 2t
Ans.
(a)
1
L(sin3tcos2t) = é{L(sin 5t) + L(sint)}
1 ) 1
PLCET Ry
B 3(s*+5)
(24 1)(s2 +25)
(b)
1-— 1
L(sin’3t) = L {%ﬂ = SAL(1) — L(cos60)}
1y s B 18
2 \s s24+36)  s(s2+36)
()
: : 1
L(sin3tsin2t) = 5 {L(cost) — L(cos5t)}
1 s s B 24
28241 82425 (s241)(s%425)
(d)

1
L(sin®3t) = 5{1—(:0561%}

11 s 18
2 1s s2436)  s(s2+36
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(e)

L(e™* — 6t* + 4sin 2t)

1.3 First Shifting Theorem

L(e™* — 6L(t*) + 4L(sin 2t)

1 2
 s+4 53 s2+4
1 12 8

= - =+
s+4 s3  s24+4

If L(f(t)) = ¢(s), then L(e™f(t)) = ¢(s — a)
1. Find the Laplace Transforms of the following

(a) 673tt3
(b) e 2t cos?t

(c) sinhat - sinat

(d) e ?"[cos 4t + 3 sin 4]

(e) (t+1)%!

Ans.
(a)
We have L(t°) = i
6
L(e™ ) = o 3)4[ replace s by s+3]
(b)
s
We have L(cos2t) = ——
e have L(cos2t) o
2
L(e % cos’t) = @;ﬁ[ replace s by s+2]
(¢) We have sinhat = €“=¢ and L(sinat) = T
eat _ e—at
L(sinhatsinat) = L(T sin at)
1
=3 {e"sinat — e *sinat} — — — — — — — (1)
at _: _ a —at - . a
L(e"sinat) = Goaria L(e™*sinat) = Grafid
. : 1 a a
form (1) L(sinhatsinat) = I\ Gafta + Graia }
()
L(e *[cos4t + 3sin4t]) = L(e * cos4t) + L(3e * sin4t)
s+2 4
= +3
(s+2)24+16 (s+2)2+16
5+ 2 12 s+ 14

G+2°2+16  (5427+16 52 14s+20
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(e)
L((t +1)%")

1.4 Multiplication by t"

If L(f(t)) = 6(s), then L(t"f(t)) =

L((#* 4 2t + 1)e")
L(e't?) 4+ 2L(e't) + L(e")

2 n 1 N 1 41
oG il o
(‘D"%W(s)] wheren =1, 2, 3,....

1. Find the Laplace transforms of following

(

(b) t*sinat

a) te~'cost

Ans.
(a) We have
L(cost)

L(tcost)

L(e "t cost)
(b) We have

L(sinat)

L(t*sin at)

(c) We have
L(sin® 3t)
1

L(tsin? 3t)

1

L(
2s
—d
ds

252

(c) tsin®3t

s
s2+1
d 5
_5{524—1}
(s°+1)—s-25  s°—1
(524 1)2 B (524 1)2
(s+1)2-1

((s +1)2 +1)2

a
s2 + a2
1)? @
12 (o
d —2as
ds ((52 + a?)?

o4 <

6as® — 2a?
(s2 4 a?)3
2

1
B 5( 5% 4 36
$
2(s + 36)
1 s
25 2(s2+ 36)>
1s%+ 36 — s(2s)
2 (524 36)?

a
s? + a?
(s2 4+ a?)? — s x 2(s* + a?) x 2s
(s2+a?)4

)

1

S

1 — cos6t S

)

(

1 36—s2

2 (s2 + 36)2

B 1
2g2
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1.5 Division by t
If L(f(t)) = ¢(s), then L({2) = [* ¢ ds

1. Find the Laplace transforms of following

(a> 1;675 (C) e_ttsint
) o
Ans
(a)
1—¢t o0 .
L( ; ) = L(1—e¢")ds
<71 1
B /s (g s — 1) ds
= [logs — log(s — DI
o0 1 oo
= Joei] = ooy
= logl —log i :logsg1
(b)
sint <.
R / L(sint) ds
— /OO L gs— [tan™" 5]~
s s2 +1 s
= tan '(oc0) — tan"'(s) = g —tan's=cot s
()

- .
L(ﬂ) = / L(sintds

0 1
= ——d
/s (5)P+1""

= cot '(s) from above problem

) = cot ' (s+1)

1.6 Transforms of Derivatives
If f/(t) is continuous and L(f(t)) = ¢(s), then L(f'(t)) = s¢(s) — f(0) provided
lime " f(t) =0

T—00
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Note:
L(f") = $’L(f) —sf(0) — f(0)
L(f") = $’L(f) = s*£(0) — sf'(0) — £"(0)
Ingeneral, L(f(”)) = Ss"L(f) — 3”_1f(()) — 3”—2]“(0) — _ f(n—l)(())

1.7 Transforms of Integrals

If L(f () = ¢(s), then L([* f(u) du) = 22

1.8 Some Special Functions

Unit Step Function

when ¢t < a

0
: : N N S
The unit step function u(t — a) is defined as u(t —a) { | whent>a '®2 0. The
unit step function is also called the Heaviside function.
L(u(t - a)) = -
s
Note:
([ fo(t) 0<t<ty
f1 (t) th <t<ty
f2 (t) 1o <t <t3
Any piece wise continuous function f(t) = ' defined on

f(n—l)(t) t(n_1) <t<t,

0 <t < oo can be given by the single expression
F@) = fo(®)[u(t=0)—u(t—t1)]+ f1(t) [u(t—t1) —u(t—t2) [+ + fin1) () [u(t—tn_1) ]+ fu () u(t—tn).

2412 if0<t<?2
1. Express the following function in terms of unit step function f(t) = 6 if2<t<3

= ift>3
Ans.
£ = @+ Pult —0) — ult — 2] + 6fult —2) — ult —3)] + 5 - ult ~ 3
= @+ )ult) £ (4— Pt —2) + (3;‘_1?) Cu(t = 3)
Dirac delta function(Unit impulse function)
0, t£0

The unit impulse function denoted by (¢) is defined by 0(t—a) = { ot defined £ — 0

L(6(t—a)=e*
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1.9 Second shifting theorem
If f(t) has the Laplace transform ¢(s) then L(f(t — a)u(t — a)) = e~ ¢(s)

1. Find L(sin(t)u(t — m))

sin(t)u(t —m) = sin(t — 7+ mu(t — ) = —sin(t — m)u(t — )
L(sin(t)u(t —m)) = —L(sin(t — m)u(t — 7))

—TSs

e

= —e TL(sint) = —— 1
s

2. Find the Laplace Transform of (¢t — 1)?u(t — 1)

Ans.

Lt —1)%u(t—1)) = eL{#?)

g3

3. Express th following function in terms of unit step function and hence find its

Laplace transform f(t) = {

? 1<t<?2
4t t>2

Ans.
ft) = ult —1) —u(t —2)] + 4t{u(t — 2)]

= tPu(t —1) — Pu(t — 2) + 4tu(t — 2)

= (t—1+1D)%u(t—1)—(t—2+2)%ut—2)+4( -2+ 2)u(t —2)

= (t—1D%ut—1)+2(t—Du(t —1) +ult —1) — (t — 2)*u(t — 2)

—4(t —2)u(t —2) —4u(t — 2) + 4(t — 2)u(t — 2) + Su(t — 2)
= (t—1)%ut—1)+2(t - Du(t —1) +u(t—1)
—(t —2)%u(t — 2) + 4u(t — 2)
L(f(t)) = e *L(t*) +2e*L(t) + e *L(1) — e 2 L(t*) + 4e~* L(t)
-5 2 -5 1 —81 —2s 2 —2s 1
= € ;+2€ S—2+6 g—e 54—46 ?
—s —2s
2
= 3 (5" +2s+2) + 3 (4s — 2)
1.10 Exercise
1. Find L(e't?) 7. Find L(1==t)
2. Find L(e? cos 3t) 8. Find L(tu(t —2)
3. Find L(sinh at cos bt) 9. Find L(e™*u(t — 1)
4. Find L(e sin? 3 1) 10. Express th following function in terms
' of unit step function and hence find its
5. Find L(t cos 2t) Laplace transform
e 0<t<l

6. Find L(e "t cos 2t) 1) = 0 t>1
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2 Inverse Laplace Transforms

If L(f(t)) = ¢(s), then L7 [p(s)] = f(t), where L™' is called the inverse Laplace
transform operator.

Some basic Inverse Laplace Formulas

1L L' =1 7. LT gt] = st

2. L&) = (7';":11)! 8. L7'[z%=] = coshat

3. L' =e" 9. L-Y[¢(s —a)] = " L~"[¢(s)] (Shifting
4 L] = e property )

5. L[] = sinat 10. L7 =g Lf(1)] = tf(t)

6. L[] = cosat 1. LV [ L(f(t)) ds] = L2

2.1 Inverse Transformation Using Partial Fraction

Some times a rational function of ’s’ can be expressed as sum of simple rational
functions using partial fractions and then inverse transformed using shifting property.

S.No. | Form of the rational function | Form of the partial fraction
Pm+q A B
L. (z—a)(z—b)’ ;@ ?é b (z—a) + (z—0)
px+q A B
2. (2=a)? =)  (@=ap’
px’+qztr A B C
3. E=a)e=h)e—0) @—a) @b ' @
px’+qztr A B c
4. (z—a)2(x—b) (z—a) + (z—a)? + (z—b)
px’+qztr A B C
S (z—a)2(x—b) (z—a) + (z—a)? + (z—b)
px?+qztr A Bz+C
6. (z—a)(x2+bz+c) (z—a) + (z2+4bz+c)
where z2 + bx 4+ ¢ cannot be factorised further

1. Find the inverse Laplace transform of the following

1 3542
(a) % (d) &=
(b) 55

5 252 —65+5
<C> s24-3s+7 <e> 337%s2+81J1r376

Page 10



Laplace Transform Ajith S Kurup

Ans.

3s+2 s 2 3
Lil — Lil _Lfl
Er I e e P

2
= 3cos3t + gsin3t

L |—2 | = >
s?+3s+7 s2+3s+ 7+ (2)2— (2)2

= > 1 2
e ACR S R Ve J5
5\/§ _3t 1 %
RV 5
(s*+4/%)°
5\/5 3t ( 1975)
= —€ 2 Sln —_—
V19
(d)
35+ 2 A Bs+C

We h =
¢ EWe(s—l)(SQ—i—l) 3—1+32+1

S35 +2=(s"+1)A+(Bs+CO)(s—1)

>
Put s = 1 then, 5 = A(2) :>A:§
5
equating the term containing s* then 0 = A+ B — B:—A:—§
-1
Puts=0then2=A4A+C = C:Q—A:T

¢ L.
= —e ——cost+§smt

1
5 1 5 S 1 1
= —[171 __Lil _L*l
2 (5—1) 2 (32+1>+2 (s2+1
5
2 2
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(e)

25> —6s+5 252 —6s+5 A B C
we have = — +

s3—6s24+11s—6 (s—1)(s—2)(s—3) s—1 s—2+s—
ie, 28> —6s+5=A(s—2)(s —=3) + B(s —1)(s = 3) + O(s — 1)(s — 2)

Puts=1,1=A4(2) = A
Puts=2,1=B(-1) = B=-1
Puts=3,5=C(2) = C

-1 252 —6s+5 _EL,l 1 _ 1 +§ 1
$3—6s2+11s—6| 2 s—1 s —2 2\s—3

1 )
_ §6t_€2t+§€3t

2.2 Convolution

Given any two functions f ( ) and g(t) defined for ¢t > 0, their convolution is defined
as the function h(t), where h(t fo g(t — u) du and is denoted by f(t) * g(t)

Laplace transform of convolution

I h(t) = f(t) * g(t) then L(A(t) = L(f * g) = L(f(£))L(g(t))

Note:
If L= (p(s)) = f(t) and L~ (¢(s)) = g(t) then L= (p(s)i(s)) = f(t) * g(t)

1
G5

N ey R = R <sib)

1. Use convolution theorem to find the inverse Laplace transform of

— — [e(afb)t 1i|
eat o ebt
T a—b
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s2

2. Use convolution theorem to find the inverse Laplace transform of T ()

L i (g RNy G
(s2+a?)(s2+b2)| s2 + a? s2 + b2

¢
= cosat * cosbt = / cos(au) cos(b(t — u)) du
0

:Q/”Kmdw+(a—®)+w%“a+@u—%”du

1 [sin(bt + (a — b)u)  sin((a+ b)u — bt) !
B 5{ a—2>b a+b L
1 [sinat  sinat sinbt  sinbt
B §(a—b a+b a—b+a+b)
1 (sinat —sinbt  sinat + sinbt
B 5( a—b T axb >
1 [2asinat — 2bsin bt
B 5( (a — b)(a+b) )
asin at — bsin bt

a2 — b2
3. Use convolution theorem to find the inverse Laplace transform of W

12
Moo = 4 () (6 m)

= e lxtel =tel ket

¢
= /ue“e_(t_“) du
0

2.3 Applications

Solution of Ordinary Differential Equations

Laplace transform converts an ordinary differential equation in the dependent variable
y with a set of initial conditions into an algebraic equation in L(y). Being an algebraic
equation, the latter can be easily solved to get L(y) . Taking the inverse transform of
L(y), then yields the solution.

1. Using Laplace transform solve v — 3y’ +2y =4, y(0)=2, ¢'(0)=3
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Ans.

Given differential equation is 3" — 3y’ + 2y = 4
Applying Laplace transform L[y"] — 3L[y']| + 2L[y] = 4L[1]

ﬁL@y—Ww)—ym)—&L@y_@my+ﬂ@»:4%

4
(s* =35+ 2)L(y) — 25 —3+6=—
S

4
(32—33+2)L(y):g+23—3
252 — 35+ 4
L - - -
2 s(s? —3s+2)
252 — 35+ 4
L —
W= a6
252 — 35+ 4
=1 [ ) W
252 — 4 A B
We have by partial fraction 3(38— 1)3(Zt %) = + 1 + . ?2

25> —35+4=A(s—1)(s —2)+ Bs(s — 2) + Cs(s — 1)

Puts =04 A2) = A=2
Puts =13 B(-1) = B=-3
puts =26 C2) = C=3
2 3 3
1) b = L' |=-
(1) becomes y . s—1+5—2
= 2—3e' +3e*

2. Using Laplace transform solve 3" + 5y’ + 6y = e~% Given y(0) = y/(0) =1
Ans.

Given diff. equation is ¢’ + 5y’ + 6y = e %

Applying Laplace transform L[y"] + 5L[y"] + 6L[y] = Le*

1
s2Lly] — sy(0) — 4/ (0) + 5sL[y] — 5y(0) + 6L[y] = 3
1
2455+ 6)L(y)—s—1—5=
(s* +5s+6)L(y) — s p——
1
2 Lly) = ——
(° 455+ 6)L(y) = — +5+6
s* +8s+13 2+ 8s+13
Ho = ; “roesy W
(s+2)(s2+55+6) (s+2)%(s+3)
5?2 +8s+13 A B C
h ial fracti _
We have by partial fraction (5205 +3) 3+2+(s+2)2+s—|—3

s+ 8s+13=A(s+2)(s+3) + B(s +3) + C(s + 2)
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Puts=-21 = B(l) = B=1
Puts =-3 —2 C(l) = C=-2
Puts=013 = 6A+3B+4C = 6A=13-34+8 = A=3

Y R S
s+2 (s+2)2 s+3
= 3e % 4 te? — 273

(1) becomes y =

3. Use Laplace transform solve y” + 2y’ + 5y = e~* cost, given that y(0) = 0, y/(0) = 1

Given diff. equation is y” + 2y + 5y = e ‘cost

s+1
(s+1)2+1
s+1
(s+1)2+1

Applying Laplace transform L(y") + 2L(y") + 5L(y) =

s*L(y) — sy(0) — y/(0) + 2sL(y) + 2y(0) + 5L(y) =

s+1
(s+1)2+1
9 s+1
(s +2s+5)L(y):m+1
s+ 1 1
((s+1)2+1)(s2+2s+5)+52+2s+5
s+ 1 1
((s+1)2+1)(s2+2s+1+4)+(32+2s+1+4)
y:L_l{ s+1 N 1 }
(s+ 12+ D((s+12+22) " ((s+1)°+22)
S 1
v= e e
But we have  (s? +2%) — (s> +1) =3

=l (e ) ()

1 S S sin 2t
— 1 _Lfl - L*l —t
y=e {3 <52+1) <s2+22>} te

et et et
= —cost — — cos 2t + — sin 2t
3 3 2

_t<cost cos 2t sin2t)
= e P

(s°+2s+5)L(y) — 1=

L(y) =

L(y) =

3 3 + 2
2.4 Exercise

1. Find the inverse Laplace transforms of the following

3s—2 2s+5
(a) 2275 (d) 5
25—3
(b) 32+S63+13
(©) oo (e) =
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2. Use Convolution theorem find the inverse of the following

(&) e (d) e

1 s
®) & (©) Gy
(©) e

3. Using Laplace transform solve following differential equations
(a) y" — 2y — 3y =sint , given y(0) = ¢'(0) =0
(b) y" — 3y’ + 2y = 4t + €%, given that y(0) =1, ¢'(0) = —1
(c) ¥ =3y"+3y —y =1t given y(0) =1, y'(0)=0, y"(0)=-2
(d) y" — 3y’ + 2y =4, given that y(0) =2, '(0)=3
(e) y" + 2y + 6y = 6te™", given that y(0) =2 ¢'(0) =5
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